We study Poncelet's Theorem in the four nonisomorphic planes of order 9. We first prove that Poncelet's Closure Theorem holds for the coordinate plane over the Galois field with 9 elements. On the contrary, we will see that the other three nonisomorphic planes of order 9, which are constructed over the miniquaternion near-field of order 9, will fail to be Poncelet planes. This gives a complete discussion of Poncelet's Theorem in finite projective planes of order 9. In addition, we offer a proof of Poncelet's Theorem for triangles in all finite projective coordinate planes which is based upon Pascal's Theorem.
Introduction
In the following, we study Poncelet's Closure Theorem, one of the most beautiful results known in classical geometry. One version states that for two nonintersecting conics, the condition whether an n-sided polygon can be found such that its sides are secants of one conic and at the same time tangents of the other, is independent of the starting vertex. In particular, it is not possible to find such polygons with a different number of edges for the same pair of conics. Numerous versions of Poncelet's Theorem and proofs are known for the the real projective plane (see [1] for an overview). In particular, a deep connection between Poncelet's Porism and the theory of elliptic curves has been established. Most of the known proofs use properties of algebraically closed fields as well as properties of the Euclidean plane, such as angle and length. The aim of this paper is therefore to investigate the situation in finite projective planes. It turns out that for the validity of Poncelet's Theorem the main difference is between planes that are constructed over a finite field and planes constructed over a finite near-field.
In the first section, we will recollect some definitions about finite projective planes and ovals, which generalize the notion of conics to finite projective planes. To avoid ambiguity, we restate Poncelet's Closure Theorem for the finite case and explain the terminology used later on. In the second section, we prove Poncelet's Theorem for triangles in arbitrary finite projective coordinate planes. Then, using the fact that the group of collinear maps on projective planes is 4-transitive for points in general position, and exploiting symmetry properties of P G (2, 3 2 ), we prove Poncelet's Theorem for quadrilaterals in P G (2, 3 2 ). In the third section, we turn to finite projective planes constructed over near-fields: We briefly describe the three nonisomorphic finite projective planes of order 9 constructed over the miniquaternion near-field. We show that all of these planes fail to be Poncelet planes: E.g., we find pairs of ovals which carry at the same time a Poncelet triangle and a Poncelet quadrilateral. It is well-known that there are only four nonisomorphic projective planes of order 9, hence this paper gives a complete discussion of Poncelet's Theorem in finite projective planes of order 9.
Preliminaries
We start this section by stating a version of Poncelet's Closure Theorem, which reads as follows (see for example [2] ): Theorem 1.1. Let A and B be two conics. If it is possible to find an m-sided polygon, which consists of secants of B and tangents of A, there are infinitely many other such m-sided polygons. Moreover, one cannot find such an m ′ -sided polygon for m = m ′ for the same pair.
To analyze this theorem for finite projective planes, we have to adapt its statement first. For this, recall the basic definitions concerning finite projective planes (see, e.g., [3] ):
Definition 1.1. The triple (P, B, I) with I ⊂ P × B is called projective plane, if the following axioms are satisfied:
1. For any two elements P, Q ∈ P, P = Q, there exists a unique element g ∈ B with (P, g) ∈ I and (Q, g) ∈ I.
2. For any two elements g, h ∈ B, g = h, there exists a unique element P ∈ P with (P, g) ∈ I and (P, h) ∈ I.
D n , i.e. if there exists a bijective map φ : (P, B) → (B, P) such that (P, g) ∈ I ⇐⇒ φ(P, g) ∈ I * . Incidence statements where the sets P and B are interchanged are said to be dual to each other.
In this paper, we are mainly interested in the finite projective planes of order 9, which means that we have 9 2 + 9 + 1 = 91 points and 91 lines: Each line is incident with 10 points, each point is incident with 10 lines. In order to generalize conics to finite projective planes, the notion of ovals has been introduced: Definition 1.4. An oval in P n is a set of n + 1 points, no three of which are collinear.
In order to formulate Poncelet's Theorem for ovals, we first need: Definition 1.5. Let O be an oval in P n . A line which intersects O in two points is called secant, a line which intersects O in one point is called tangent, a line which is disjoint to O is called external line of O. Now we are in the position to characterize the following relations of oval pairs: Definition 1.6. Let O t and O s be two ovals in P n . Then we define:
1. An m-sided Poncelet Polygon is a polygon with m sides, 
Remark 1.3. In planes of even order, all tangents of an oval meet in one point, the nucleus of the oval. Therefore, only Poncelet 0-pairs and Poncelet ∞-pairs can be found in such planes. In this sense, all planes of even order are Poncelet Planes.
The main goal in this paper is to show that P G(2, 3 2 ) is a Poncelet Plane, whereas the other three finite projective planes of order 9 are not. In planes of order 9, ovals consist of 10 points. To see that P G(2, 3 2 ) is a Poncelet plane, it is therefore enough to show that if a 3-sided or 4-sided Poncelet Polygon can be found for a pair of ovals (O t , O s ), then this pair is a Poncelet 3-pair or 4-pair, respectively.
2 Poncelet's Theorem in P G(2, 3
2
)
The main goal in this section is to show that P G (2, 3 2 ) is a Poncelet Plane. For this, let us recall the construction of a coordinate plane over a general Galois field GF (q) with q elements, where q = p n for a prime p and a positive integer n.
1. The set of points P is defined in the following way:
where ∼ is an equivalence relation given by:
Hence, there are
2. Using the same equivalence relation, the set of lines B is defined as:
The incidence relation I is given by the scalar product:
It is convenient to deal with coordinate planes P G (2, q) , since a number of properties of the real projective plane carry over to the finite situation. The following results are a collection of the properties we will use later on. Proofs can be found, e.g., in [3] .
Lemma 2.1. Let g = (g 1 , g 2 , g 3 ) and h = (h 1 , h 2 , h 3 ) be two different lines in P G (2, q) . The unique intersection point P of g and h is given by the vector product of g and h:
Similarly, for two points P = (P 1 , P 2 , P 3 ) and Q = (Q 1 , Q 2 , Q 3 ) in P G (2, q) , the unique line g through P and Q is given by the vector product of P and Q:
It is a well-known result that for a finite coordinate plane over a field of characteristic = 2, ovals coincide with conics (see, e.g., [4] ). Hence, an oval in P G(2, q), q odd, can be described as the zero-set of O :
where a, b, c, d, e, f ∈ GF (q), (a, b, c, d, e, f ) = (0, 0, 0, 0, 0, 0) and the matrix M O associated to this quadratic form is nonsingular:
Poncelet's Theorem for triangles
Theorem 2.3. Let (O t , O s ) be a pair of conics in P G(2, q) such that a 3-sided Poncelet Polygon can be found. Then no m-sided Poncelet Polygon for 4 ≤ m ≤ n + 1 for the same pair of conics can be found.
To see this, we need some preliminary results: Lemma 2.4. Let A, B, C, D, E and F be six points on some nondegenerate hexagon. Assume that the points
are collinear. Then the points A, B, C, D, E and F lie on an conic.
Note that this is the converse statement of Pascal's Theorem, which reads as follows:
Theorem 2.5 (Pascal's Theorem). Let A, B, C, D, E and F be six points lying on an conic in P G(2, q), such that they form a nondegenerate hexagon, i.e. no three of these points are collinear. Then the three intersection points of the opposite edges, i.e. the points
are collinear. The line connecting P, Q and R is called Pascal's Line (see Figure 1 ).
Proof of Lemma 2.4. We choose coordinates such that
Since the points A, B, C, D, E and F lie on a (nondegenerate) hexagon, no three of the points are collinear. Because of this, all coordinates of the remaining three points are nonzero, so we have:
In this case, the points
are collinear, since they are all incident with the line g = (−B 2 , 1, 0). This leads to a contradiction because of the assumption that the six points lie on a nondegenerate hexagon. The same can be shown analogously for the other coordinates. Using the vector product, we get the connecting lines
We can calculate P, Q and R using the vector product once more:
By assumption, these points are collinear, hence the determinant of P, Q and R is zero:
Since no three of the six points A, B, C, D, E and F are collinear, we can define a conic using five of them. Let us look for the conic through A, B, C, D and E. Since A, C and E lie on this conic, we know that the equation is of the form
Note that, by scaling, we can choose d = 1. With the points B and D, we find for e and f
These two parameters e and f are well defined, since B 3 , D 3 = 0 and B 2 = D 2 . It remains to show that F lies on this oval as well, hence we have to show
Using (2), we deduce
This value is well defined, since
As B 2 , D 2 , F 3 = 0 and B 3 = D 3 , this expression is not equal to zero, hence F 2 is well defined. With this expression for F 2 and the equations for e and f , we indeed get
Note that all projective coordinates planes are self-dual. Therefore the dual form of Lemma 2.4 holds as well (see [3] ):
Corollary 2.6. Let A, B, C, D, E and F be six points on a nondegenerate hexagon. Moreover, let the lines AD, BE and CF meet in one point, the so-called point of Brianchon. Then there exists a conic such that the lines AB, BC, CD, DE, EF and F A are tangents of the conic.
Lemma 2.7. Let O s be a conic with two inscribed triangles, denoted by ACE and BDF , such that no three of the vertices are collinear. Then there exists a conic O t , such that the sides of the two triangles are tangents of O t .
This result was used in [5] to prove Poncelet's Theorem in the real projective plane for triangles. Since the arguments used there cannot be applied to the finite projective plane, we have to give an alternative proof:
Proof of Lemma 2.7. We start with the oval O s . Without loss of generality, take
Because of this, the equation of the oval is given by:
with e = 0 and f = 0. Note again that we can choose the coefficient of xy to be 1. For every other point of this oval, all three coordinates are nonzero. In particular, we have (by scaling if necessary)
with B 2 , B 3 , D 2 , D 3 , F 2 and F 3 nonzero. The sides of the triangles ACE and BDF are denoted as follows
These lines can be explicitly computed using the vector product:
Now define the intersection points of these lines:
Again, we can use the vector product to compute these points:
We would like to find a conic O t , such that the lines g i are tangents of it. By Brianchon (Corollary 2.6), we know that this is equivalent to showing that A 1 A 4 , A 2 A 5 and A 3 A 6 meet in one point.
Again, we can first use the vector product:
Observe, that the points B, D and F lie on the original conic, which means that they satisfy:
Note that we have 1 + f B 3 = 0, 1 + f D 3 = 0 and 1 + f F 3 = 0. To see this, assume 1 + f B 3 = 0. It follows B 3 = − 1 f and using the oval equation xy + exz + f yz = 0 once more, we obtain − e f = 0, contradicting the fact that e = 0 and f = 0. Finally it follows that the three lines are concurrent, since det( well. Assume the opposite (Figure 2) 
4-sided Poncelet Polygons in P G(2, 3
2 )
The goal in this subsection is to show that the existence of a 4-sided Poncelet Polygon for a pair of conics (O t , O s ) excludes the existence of a 5-sided Poncelet Polygon as well as the existence of a 6-sided Poncelet Polygon for the same pair. To see this, we start with a pair (O t , O s ) which carries a 4-sided Poncelet Polygon. Recall the following fundamental theorem for finite projective coordinate planes (see [3] ).
Theorem 2.8. Let {P 1 , P 2 , P 3 , P 4 } and {Q 1 , Q 2 , Q 3 , Q 4 } be sets of four points, such that no three points of the same set are collinear. Then there exists a unique collinear map T , such that
We may therefore assume that the pair of conics (O t , O s ) carries the Poncelet quadrilateral
The equation of O s is of the form
and the associated matrix is regular. We want the points A, B, C, D to lie on the conic O s , which gives the four conditions for (3):
a = 0 would lead to a singular matrix, hence by scaling a = 1, and we obtain the equation for O s :
The condition f = ±1 ensures that the associated matrix is regular. It is enough to consider conics of the above form for the secant conic of the Poncelet Polygon. Now, the following four lines need to be tangents of O t :
To find the corresponding conic equations, we first find the equations of conics which contain the four points {(1, 1, 1), (1, −1, 1) , (1, −1, −1), (1, 1, −1)}. We have to solve the following system of equations for its coefficients:
We immediately obtain d = e = f = 0 and after scaling a = 1, we end up with the equation
Since we need a conic with tangents { (1, 1, 1) , (1, −1, 1) , (1, −1, −1), (1, 1, −1)} rather than points, we have to take the equation which corresponds to the inverse matrix of the matrix associated to the equation x 2 + by 2 − (1 + b)z 2 = 0 which is:
To exclude the simultaneous existence of a 4-sided Poncelet Polygon and a 5-sided or 6-sided Poncelet Polygon, respectively, it is therefore enough to consider pairs of the conics described above. Before we start analyzing these conic pairs, we collect some facts about the field we are working in. Note that the multiplicative group of a finite field is cyclic, hence we can note GF (3 2 ) as:
where a is a root of the polynomial f (x) = x 2 + x − 1, which is irreducible over GF (3). Addition and multiplication obey the rules
We therefore consider pairs of conics of the following shape:
The following two observations reduce the number of pairs we have to consider:
, we obtain exactly the same results as for (O t (b), O s (−f )), because changing the sign of the y-coordinate has the effect
It is therefore enough to consider f ∈ 0, a, a 2 , a 3 . for all values of b above, we obtain:
When calculating the coefficients
Note that interchanging the y and z coordinate does not change the incidence relations for both conics, as both equations are symmetric:
It is therefore enough to consider b ∈ 1, a, a 2 , a 5 .
All we have to do is therefore to exclude the existence of a 5-sided and a 6-sided Poncelet Polygon for the following 16 conic pairs:
By direct inspection, we can count the number of all points on O s (f ), that are incident with a tangent of O t (b), which are called exterior points of Table 1 contains these numbers. Since by construction all of these pairs already form one 4-sided Poncelet Polygon, the 
condition of 9 or 10 exterior points of O t (b) on O s (f ) is necessary to find a 5-sided or 6-sided Poncelet Polygon, respectively. Since there are at most eight exterior points of O t (b) on O s (f ), we can exclude their existence. This completes the proof of P G(2, 3 2 ) being a Poncelet Plane.
3 Poncelet's Theorem in the finite projective planes over S
The miniquaternion near-field S
In this subsection, we describe the near-field we use to construct the three non-Desarguesian finite projective planes, denoted by Ω, Ω D and Ψ. All notations and well-known properties are based on [6] . To begin with, recall: Definition 3.1. A finite near-field is a system (S, +, ⊙), such that: i) S is finite. ii) (S, +) is a commutative group with identity 0.
iii)The multiplication is a group operation on S\ {0} with identity 1. iv) The multiplication is right distributive over the addition, i.e.
(m + n)l = ml + nl, ∀ m, n, l ∈ S Note that we do not necessarily need the multiplication to be commutative, hence the left distribution law does not have to be valid for all elements in the near-field. This is exactly the property used in the construction of the nonisomorphic planes of order 9. We need to describe addition and multiplication for a near-field with nine elements. For this, consider
where we define
We can view the nine elements as elements over the basis {1, i} and call D := {0, 1, −1} the real elements and S * := {i, −i, j, −j, k, −k} the complex elements. By the definition of j and k above and taking the coefficients of 1 and i modulo 3, we are able to add any two elements in the near-field (Table 2 ). For the multiplication in S, we need a noncommutative law. We use the relations
which again enables us to multiply any two elements in S (Table 2) . Table 2 : Addition and multiplication of elements in S
Note that this is the multiplication law of the quaternion group, which explains the name 'miniquaternion near-field'. Note also, that in this near-field the left distribution law does not hold in general, as can be seen by the following example:
Now, we summarize the most important properties of the near-field S constructed above:
• ξ + ξ + ξ = 0, ∀ξ ∈ S, as we take the coefficient with respect to the basis {1, i} modulo 3.
• (−1)ξ = −ξ = ξ(−1), ∀ξ ∈ S
• For elements ξ ∈ S * , we have:
• ξ 2 = −1 has six solutions in S.
The plane Ω
In order to construct the finite projective plane Ω of order 9 using the near-field S we start with an affine plane and extend it to a projective plane in the usual way: We distinguish between so-called proper points on Ω, which are in affine form (x, y), and ideal points, which connect the parallel lines. More precisely, the points of Ω are given as follows:
• There are 81 proper points of the form (x, y), for x, y ∈ S.
• There are 9 ideal points of the form (1, y, 0) for y ∈ S.
• There is one ideal point of the form (0, 1, 0).
The lines of Ω are given by:
• There are 81 proper lines of the form y = xµ + ν for µ, ν ∈ S, denoted by (µ, ν).
• There are 9 proper lines of the form x = λ for λ ∈ S, denoted by (λ).
• There is one ideal line, denoted by I.
The incidence relations are then given by:
• On the line y = xµ + ν, there are nine proper points (x, y) and the ideal point (1, µ, 0).
• On the line x = λ, there are nine proper points (λ, y) and the ideal point (0, 1, 0).
• All 10 ideal points are on the ideal line I.
It is crucial to consider y = xµ + ν instead of y = µx + ν, since multiplication is not commutative. It can be shown that the above defined points and lines with the incidence relation give indeed a finite projective plane of order 9 (see [6] ). Now we want to find ovals in the plane Ω, i.e. we want to find sets of 10 points, no three of which are collinear. Compared to finite projective coordinate planes, it is much harder to find ovals in this plane, since ovals cannot be described by quadratic forms. Hence, for a set of 10 points, we have to search all lines connecting them to be sure that no three of them are collinear. For any point on the oval, we end up with nine lines connecting this point to the other points on the oval, and all these secants have to be different. Similarly it is much harder to find the tangent in a point of the oval. Nevertheless, the following set is an example of an oval in Ω:
To see this, we have to calculate all secants and check, whether they are different. Table 3 shows all secants and tangents of O 1 .
Recall that in P G(2, 3 2 ), Pascal's Theorem plays a central rôle in the proof of Poncelet's Closure Theorem. We will see that Pascal's Theorem is not true in general in the plane Ω: Take for example the following six points:
(1, −j, 0) is the line y = −xj + j, as given in Table 4 . This line is a tangent of oval O t , namely the tangent in the point (1, 0) . Continuing with (1, −j, 0), we see that the line joining (1, −j, 0) and (−k, i) is y = −xj − i, which is the tangent of O t in the point (j, k). Moreover, the line joining (−k, i) and (j, 0) is y = xi + k, which is the tangent of O t in (−i, −j). The line joining (j, 0) and (i, i) is y = −xi − k, which is again a tangent of O t , namely in the point (−k, −i). For the last step, we see that the line joining (i, i) and (0, j) is y = xi + j, which is the tangent of O t in the point (−j, −1). This gives a 5-sided Poncelet Polygon for this pair. Similarly, by starting with (i, −k) on O s , a 4-sided Poncelet Polygon occurs. To summarize the result, we have the 5-sided Poncelet Polygon:
and the 4-sided Poncelet Polygon:
The remaining point (−j, j) on O s is an inner point of O t , which means that it is not incident with any tangent of O t . This pair (O t , O s ) is therefore no Poncelet m-pair for any possible value of m, which shows that Ω is not a Poncelet Plane.
This pair of ovals gives even one more proof of Ω not being a Poncelet Plane, namely by changing the rôles of O t and O s . If we consider O t to be the secant oval and O s to be the tangent oval, we find simultaneously a 4-sided and a 3-sided Poncelet Polygon, namely This shows that in Ω, Poncelet's Theorem is not even partially true for only 3-sided polygons or only 4-sided polygons, as we could find counter examples in both cases.
The plane Ω D
Now, we want to look at the dual plane of Ω, that is, we want to change the rôle of the points and lines constructed for Ω. Recall the incidence relation for Ω: (x, y) ∈ (µ, ν) ⇔ y = xµ + ν By changing the rôles of points and lines, (x, y) denotes a line in Ω D and (µ, ν) denotes a point in Ω D . Hence, the incidence relation becomes:
(µ, ν) ∈ (x, y) ⇔ ν = −xµ + y For the line x = λ, the incidence relation stays the same. Moreover, the ideal line is not changed either. By adjusting the notation above by taking x instead of −x, we can view the incidence relations for Ω D as follows:
• On the line y = µx + ν, there are nine proper points (x, y) and the ideal point (1, µ, 0).
Ω D is indeed not isomorphic to Ω (see [6] ). In order to prove that Ω D is not a Poncelet Plane either we can dualize the ovals from the previous section. For this, remember the oval O t in Ω:
O t = {(−1, i), (0, 1), (1, 0) , (−i, −j), (i, j), (−j, −1), (j, k), (−k, −i), (0, 1, 0), (1, 0, 0)}
Conclusion
The main insight of this discussion is that Poncelet's Closure Theorem cannot be transferred to finite projective planes in general. The main aim is therefore to extend our ideas to obtain a better understanding of Poncelet's Theorem and of the hierarchy of closed figures in finite projective planes. In particular, we would like to understand whether whole classes of finite projective planes are not Poncelet planes by generalizing the ideas above. An example of such a class could be the Hughes planes, which includes the plane Ψ constructed above. Moreover, we would like to find an easy criterion for coordinate planes to deduce information about their Poncelet relation just by analyzing the quadratic forms of conics, i.e. a criterion which decides whether an m-sided Poncelet Polygon can be found for a given pair of conics. This would be the analogue of Cayley's criterion for the real projective plane.
